IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

The remarkable algebra so*(2n), its representations, its Clifford algebra and potential

applications

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1990 J. Phys. A: Math. Gen. 23 641
(http://iopscience.iop.org/0305-4470/23/5/011)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 129.252.86.83
The article was downloaded on 01/06/2010 at 09:59

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/23/5
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 23 (1990) 641-663. Printed in the UK

The remarkable algebra so*(2n), its representations, its
Clifford algebra and potential applications
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International Centre for Theoretical Physics, Trieste, Italy
Received 29 November 1988, in final form 12 May 1989

Abstract. Properties of the real Lie algebra so*(2n) and its finite-dimensional representa-
tions are described. The structure of the Clifford algebras associated with the two funda-
mental spinor representations are determined, and it is found in particular that for so*(4n),
there is a remarkable asymmetry: one representation is real, the other complex (though
equivalent to its complex conjugate), and the associated Clifford algebras are inequivalent.
Generalised Dirac matrices are defined, acting within the direct sum of these two spinor
representations of so*(2n). These matrices generate a different Clifford algebra, not
determined uniquely by those representations, and their commutators do not span a
representation of so*(2n). The isomorphisms of so*(6) with su(3, 1), and of so*(8) with
so(6,2) are described, together with the corresponding mappings between finite-
dimensional irreducible representations. The latter isomorphism is related to the triality
property of so(8), and in particular maps the real fundamental spinor representation, the
complex fundamental spinor representation, and the complex vector (defining) representa-
tion of so*(8), each of dimension eight, into the real vector representation and the two
complex fundamental spinor representations of so(6,2). More generally, some tensor
representations of so*(8) are mapped into spinor, others into tensor representations of
s0(6, 2), and the same is true of spinor representations of so™(8). This raises the possibility
of interesting applications of so*(2n), n>4, as a generalised spacetime symmetry or
dynamical algebra, with tensor and spinor representations of so(3, 1) <so*(2n) contained
in an irreducible multiplet. Mention is made in particular of a recent proposal by Ward
to base a unified field theory on so*(14) >s0(3, 1)@ su(3)®su(2)@u(1).

I. Introduction

The Lie groups SO(p, g) and their coverings have many important applications to
physics, for various values of the non-negative integers p and q. We recall at once the
spacetime groups [1] SO(3), SO(3, 1), etc, the use of SO(4,2) as a dynamical group
[2] and the use of the compact groups SO(p) to express symmetries in nuclear [3]
and particle physics [4-6]. Accordingly, the representation theory of SO(p, gq) has
been explored fairly extensively [7, 8], especially for small values of p and ¢. In
particular, the finite-dimensional irreducible representations (irreps) are well under-
stood for all p and g, as is the structure of Clifford algebras [9-11] associated with
the fundamental spinor irreps.

With p+q=2n+1, a fixed odd integer, the set of real Lie algebras so( p, g) exhausts
the possible real forms of B,, the complexification of so(2n+1). However, if p+q=2n
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is even there is, for each n, one additional real form [8, 12-14] so*(2n) of D,, the
complexification of so(2n). We know of no important applications of so*(2n) to
physics until now, though the algebra has been mentioned in particle physics [15];
and although various aspects of the structure and representation theory have been
developed—for example, ladder representations of so*(2n) have been constructed
[15,16], and so*(2n) has been used [17] in the construction of models [18] of the
algebra su(m)—it is fair to say that so*(2n) remains unfamiliar to most mathematical
and theoretical physicists.

Our present interest stems from a proposal by Ward [19] to use so*(14) as the basis
for a unified gauge field theory of elementary particles. He has observed that since
(8, 12-14]

s0*(8) =s0(6, 2) >s0(3,2)Psu(2)

(1.1)
so*(6) =su(3, 1)>su(3)®u(1)

then
s0*%(14) > s0*(8)@s0*(6) > s0(3, 2) Dsu(3)®su(2)Du(1). (1.2)

The subalgebra su(3)@su(2)@u(1) is of considerable interest in gauge theories, and
we have here the possibility to combine it with the Lorentz algebra so(3, 1) <so(3, 2).

Ward [19] has also noted the interesting feature that, because of the nature of the
isomorphism between so*(8) and so(6, 2), an irrep of so*(2n), n >4, will, in general,
contain both tensor and spinor irreps of so(3, 1), so that there is a possibility of
incorporating both bosons and fermions in an irreducible multiplet, with an associated
s0™(14)-irreducible field.

In what follows we shall present some of the properties of s0*(2n), with particular
emphasis on the mapping between so*(8) and so(6, 2), and on the finite-dimensional
irreps. The latter are determined by, and are in one-to-one correspondence with, those
of so(2n), which are well known. Nevertheless, there are several interesting special
features, especially with regard to the reality of the fundamental spinor irreps, the
structure of associated Clifford algebras, and the form of generalised Dirac matrices
that link these two irreps.

It is not our purpose here to develop in detail any application of so*(2n) to particle
physics, but in the final section we indicate briefly some interesting possibilities that
provide the justification for our investigations.

II. Definitions and bases for so*(2n)

I1.1. The group SO*(2n) can be identified [8] with that group of complex linear
transformations g of C*", z > gz, which satisfy

(gz)T(gw)=2z"w (2.1)
(gz) n(gw)=z"nw (2.2)

for all z, we C*", where

1 4]
el A (2.3)
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I, being the n X n unit matrix (here and below T, * and + denote transpose, complex
conjugate and Hermitian conjugate, respectively). The matrices X in the corresponding
Lie algebra are then defined by the conditions

XT=-X (2.4a)
X =~Xn. (2.4b)
It follows from (2.1) and (2.2) that g has unit determinant, and hence from (2.1) that
SO*(2n)<S0O(2n,C). (2.5)

11.2. An alternative definition [14, 20] of SO*(2n) is obtained by replacing (2.1) and
(2.2) by

(g2)76(gw)=z"6w (2.6)

(82)"y(gw)=z2"yw (2.7)
where

SIS Y| e
It can then be seen from (2.7) that

SO*(2n) <SU(n, n). (2.9)
The corresponding Lie algebra so*(2n) now consists of matrices Y satisfying

Y '=-6Y8 (2.10a)

Y '=~yYy. (2.10b)

11.3. The isomorphism of the two groups or algebras defined in II.1 and IL2 is
established with a unitary transformation which maps, in particular, a typical X into
a typical Y

+ In _.In
Y = UXU' U=2“/2[_“ I’ } (2.11)

I1.4. We shall proceed from the second definition 1.2, noting from (2.10) that in
general Y has the form
A+S B+iC
Y =
[—B+iC A—Sjl (212)
where A, B, C are n x n real antisymmetric matrices and S is an n X n pure imaginary
symmetric matrix; all of A, B, C, S are therefore anti-Hermitian.

I1.5. Since there are 3n(n—1) linearly independent matrices of type A, B or C and
sn(n+1) of type S, the dimension of the real Lie algebra so*(2n) is n(2n—-1), as for
so(2n).

I1.6. We note from (2.12) the u(n) subalgebra of matrices with B=C =0, and the
so(n) <u(n) subalgebra with B=C=S=0.
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11.7. It is easily seen from (2.6) and (2.7) with n =1, that

SO*(2)=S0(2) (2.13)
so that SO*(2) is compact. For n> 1, SO*(2n) and so*(2n) are non-compact; for n > 2
they are simple.
11.8. There exist the following isomorphisms [8, 12-14]:

s0*(2) =s0(2)

so*(4)=su(2)®sl(2, R)

(2.14)
so*(6)=su(3,1)
so*(8)=s0(6, 2).
I1.9. Forr,s=1,2,...,n, define
ArS:EH_Esr Srs=i(Ers+Esr) (2'15)

where E,, is the n x n matrix with 1 in the rth row, sth column, and zeros elsewhere,
so that E,.E,, = §,E,,. Then setting

S P
=i, = rs = Mg = —1
rs E 0 A, ¢ E 0 _S”

_ —-4[0 A“] . _[ 0 Am]
prs - p.sr A\., O qrs = qsr Ars 0

we see from (2.12) that il,,, ip,,, iq,, (r>s) and im,, (r = s) provide a basis for so*(2n).
From now on, we introduce the ‘physicists’ i” and refer to ,, p,,, q,, and m,, as basis
operators, allowing also r and s to range over 1, 2, ..., n. The fundamental commuta-
tion relations of so*(2n) are then

(2.16)

(M, M1 =108, — 8yuluy = Bruls + 8.ul,0)

[, Pr] = 1= 84Gr + 61Gus = 8ruqis + 85uG0)

[Me, 9] = 1(84 Pre = 81t Pus T 8 Pr = 85uPri)

(Pres P =108 0 + 8, lus = 80l — 80di) = [0, Guu]

[Prss qm] = i(—ﬁslmru + 5rlmm - Srumn + a\umn)

(2.17)

[, X0 ) = 1= 8, X + 8, X,, + 8, — O0uXer)
where x,, denotes any of I, m,,, pu, g... The l,, span the so(n) subalgebra, and the
I, and m,, span the u(n) subalgebra, mentioned in I1.6.
I1.10. It is sometimes convenient instead to work with the complex combinations
g =3(m, +il,)
g" =-g" =i(p.~ig,) (2.18)
8 = —8w =3P, +ig.)
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which satisfy the simpler relations

r

(g, 8.]=06ig.— 88!
lg,g™1=38.g™+6ig"
(8¢, 8u)=—0818u— 0.8 (2.19)
[g.,8™"]=8,g!+8/g,— 5.8/~ 8/g,
(8, 8 1=0=[g", g"]
and to bear in mind that the basis operators really consist of
he=—-i(g:—g7) m,=g.+g,
Ps=8"*8s g =i(g8"” — &)

(2.20)

I1.11. We find it useful at times also to bring out the relationship between so™(2n)
and so(2n) by introducing the complex linear combinations j,, (= —ju, k, [=1,
2,...,2n) defined by

Jar—12s-1= %(‘UHSUH —iq,,)

Jar—12s = 5(=1)7 (my, —ip,) (2.21)

Jar2s = 5(=1)" (I, +igy)
for r, s=1, 2,..., n. These satisfy the familiar so(2n) relations

Lkt Jmn ] = 1(8kmiin + Bunfim = Stmikn — Sknjim)- (2.22)
The relations inverse to (2.21) are

Irs = (—1)r+s(j2r—] 2s-1 +j2r 25)

m,; = (_l)rﬂ(jzr—x 25 FJas—12/)
) s ) (2.23)
prszl(_l) (.}2r¢12x —]Zs—lzr)

qrs =i(_l)"‘}‘s(er—l 25~1 .—er 27)-

I1.12. In a representation of so*(2n) we denote the representatives of 1., m,., ..., g5,
g”,...,and jy by L,;, M,,, etc. If the representation is Hermitian (for example, one
associated with a unitary representation of SO*(2n)), then L,., M,,, P.. and Q,, are
Hermitian, while
G'=G.  G"=G,
. . (2.24)
JZr—lZs—I=J2r2s JZr—I2<=J2v—l2r~
For n> 1, such a representation is either trivial or infinite-dimensional, since so*(2n)
is (semi-) simple and non-compact.
In a finite-dimensional representation, we can suppose without significant loss of
generality that L, and M,; are Hermitian, but that

P:s = _Prs Q:i = —Qrs' (2.25)
Then
G;‘r — G: Gr:—:— - ‘G” (226)

and all J, are Hermitian.



646 A O Barut and A J Bracken

11.13. As 11.11 shows, representations of so*(2n) and so(2n) are in one-to-one corre-
spondence. It is convenient to display the basis operators J,; of a representation of
so(2n) in a triangular array,

112 Jl3 ',14 JlS Jl6
123 J24 125 126

Jaa|Jss a6 (2.27)
Jas Jas

In order to construct from this array, a set of basis operators for the corresponding
representation of so®(2n), we proceed according to (2.23) and select firstly 2J,, (= M,,),
2J3, (=M,,), 2Js (=Ms3), . .. etc. on the diagonal of the array. Then we choose from

each 4x4 block | " ' ! the combinations
(_1)r+s(-]2'—l 251 +-12r 23) (=Lrs) i(—l)r+s(']2r—l 2s—1 —J2r 2:) (=er)
(_I)H-S(JZr—l 2s _JZr 2:—1) (=Mr5) i(—l)H’S(JZr—l 2s +J2r 25—1) (=Prs)-

This may be contrasted with the passage from basis operators of a representation
of so(2n) to those of a corresponding representation of so(2n —m, m), which can be
achieved [8] by the Weyl trick, multiplying by i those elements contained in both the

first (2n—m) rows and last m columns of the array (2.27), and multiplying by (—1)
the remaining elements of the last (m —1) columns.

I1.14. It is well known [8, 12] that the real forms of the complexification of a compact
and simple real Lie algebra are defined by involutive automorphisms of the latter. In
the case of s0*(2n), the relevant involutive automorphism S of so(2n) is defined by

N :er 25 <_’.]-27'—1 25-1
j2r 25-!(_)].25 2r—i (228)

forr,s=1,2,...,n According to a general prescription [8, 12}, a basis for so*(2n)
is then obtained from that for so(2n) by applying the transformation P=
1(1+1)I +3(1-1)S, where I is the identity transformation. We get

Pijproya5 "%(1 +1)far-1 201 +%(1 —i)j2r2s [= %(_l)r+s(1r.v +4,)]
.j2r 251 _)%(1 +1).]2r 2s5—1 +%(1 _i)ij 2r—1 [__—%(—I)H-S(prs - mrs)]
j2r 25 > %(1 +1).]2r 2s +%(l —i)j2r~l 25—1 [= %(—1)”-5([” - qrs)]' (2-29)

It may be noted from (2.24) that S corresponds to the mapping of Hermitian conjugation
in a Hermitian representation of so*(2n).

HI. Finite-dimensional representations

III.1. An irrep of so(2n) is labelled completely [7] by a highest weight
(m,, my,...,m,), corresponding to a choice of (j,2,js4,...,jon-12r) as basis for a
Cartan subalgebra. Here the m, are either all integers or all half-odd integers, satisfying

m=m=...2m,_,=\m,=0 (3.1



The remarkable algebra so*(2n) 647
and each highest weight satisfying these conditions is allowed. Welabel the correspond-
ing irrep of so*(2n) in the same way. Note that (ji2, jia,.--,J2n-120) = im,,,
%m22a U ] %mrm)'

II1.2. The reality properties of the corresponding irreps of so*(2n) and so(2n) (or
so(p, g), p+q=2n) differ. In particular, it is easily checked that the defining (2n-
vector) representation (1, 0, 0, ..., 0) is pseudo-real (i.e. complex but equivalent to its
complex conjugate) for so*(2n), though real for so(2n) (and for so(p, q)).

1I11.3. We turn now to the two fundamental spinor irreps (3, 4,...,3, £3), each of
dimension 2"7!. In the case of so(2n), these two are contained in direct sum in the
fundamental spinor irrep of so(2n+1)>so0(2n), of dimension 2". Labelling a basis
Jts Jeans1 (==~Jsns1 1) for an irrep of so(2n+1) in the usual way, with k, =1,
2,...,2n, we exhibit this basis as a triangular array generalising that for so(2n) in
(2.27); it has one extra column on the right with elements J; ,,+;. A basis for the
fundamental spinor irrep of so(2n+1) is given in terms of n commuting sets of Pauli
matrices [22] 0., Pas Tas - - - (@ =1,2,3). Thus for so(3) and so(S) the triangular arrays
are (apart from an overall factor of )

gy —O0 Gy —02 O1p3 —0,02
T, and Oy O2p3 —03p0 (3.2)

T3P —O030;

P

The pattern of successive arrays generalising these two can be developed as follows.
In going from so(2n —1) to so(2n+1) we introduce a new set of Pauli matrices w,,
say. Suppose that the corresponding set introduced at the previous stage (going from
so(2n—3) to so(2n—1)) was v,. We add two columns on the right of the array for
so(2n —1). The first is obtained by multiplying the last column of the so(2n —1) array
by —iv;w; on the left, and adding an element »;w; at the bottom. The second is
obtained by multiplying the first additional column by —iw, on the left, and adding
an element w, at the bottom. For example, the third and fourth columns of the so(5)
array in (3.2) are obtained in this way from the so(3} array, with multiplications by
—io3p; and then —ip,.
More generally, we build up in this way the array

O3 O, O1p3 —O01p2 O\p1T3s —O /Ty P TiAy —O1p1TiA;
Oy 02p3 —02p2 Oap1T3 —0201Ty O3p1TiAs —0201T 1A,
03Py —03p2 03Tz —O3p\Ty O3 TiAy  ~ T30 T1Ay
/1 P2T3 P27 P2TiA; —p2TiAz (3.3)
P3T3 TP3T2 P3TiAs —p3TiAz
T TaA3 ~T2A;
T3A3 —T3A;
Ay

of which the array for so(2n+1) consists of the first 2n columns.

The triangular arrays for the fundamental spinor irreps of (3, 1, ..

., %, £1) of so(2n)

are obtained from the array for the so(2n +1) spinor by deleting the last column, and
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replacing w; by its eigenvalues £1 in turn. For example, for so(4) we get from the
so(5) array (3.2),

Ty —0x O1p; oy —0, o
o, Taps and then o, o, (3.4)
T3P *0;3.

The basis operators of the fundamental spinor irreps of s0*(2n) can then be constructed
as in I1.13. For the case of so*(4) we get from (3.4)
M =0 My, =+0; L,=30,F03)

' (3.5)
Qi =3i(o £ 02) My =30 F oy) P =—li(o £ a).

The only non-zero basis operators for the irrep (3,3) are therefore o, io, and io,
while for the irrep (1, —1) they are o3, o, and o,. We see that (3, 1) can be regarded
essentially as a two-dimensional irrep of so(2, 1) =sl(2, R), and is therefore (equivalent
to) a real irrep, while (3, —1) is essentially a two-dimensional irrep of su(2) and is
therefore pseudo-real. The association of the two spinors with different subalgebras
is not typical of higher values of n, and reflects the fact that so*(4) =s1(2, R)®su(2)
is not simple. However, the fact that one spinor irrep is real and the other is pseudo-real

is typical of so*(4n), n=1, 2, ..., as we shall see.

I11.4. The fundamental spinor irreps of so*(2n), so(2n) and so(2n+1) can also be
defined [23] concisely in terms of n Fermi creation operators @’ and conjugate
annihilation operators a,, r=1, 2, ..., n satisfying

{a,,a’}=86]1 {a,,a,}={a", a’}=0. (3.6)

Such an algebra is well known to have an irrep of dimension 2”; I is the corresponding
unit operator. For so(2n) and so*(2n) we set

Gi=ila",a]=a'a, —1871 G"=Ya",a’]=d'a’
3.7)
Gr.s = %[ar, as] =ad,.
Corresponding L., M,,,... and J,; can then be defined as in (2.20) and (2.21). For
so(2n+1) we add also Jy 244y (= =Jons1 1), k=1, 2,...,2n, defined by

J2r—12n+l=_%(ar+ar) er 2n+1=_%i(ar—ar) (3-8)
with r=1,2,...,n
We introduce a vacuum vector |0y with a,|0)=0, r=1, 2,..., n. The carrier space
for one spinor irrep of s0*(2n) and so(2n) is spanned by the vectors
|0y, a"a®|0), a’"a‘a'a”|0),. .. (3.9)
corresponding to even eigenvalues 0, 2, 4, ..., 2m of the number operator
N=a'a,=G,+inl ={( M, + My, +...+ M,,,)) +inl (3.10)

where 2m = n or n—1, according as n is even or odd. (Recall that a product of more
than n creation operators vanishes.) The number of linearly independent vectors in
(3.9)is (g)+(NH+...+(n)=2""" as required.

Similarly, the carrier space for the other spinor irrep is spanned by

a’l0y, a’a’a'l0), ... (3.11)

corresponding to odd eigenvalues 1, 3,...,2m+1 of N, where 2m+1=n-1 or n,
according as n is even or odd; again there are ([)+(5)+...+ (3ms1) =2""" linearly
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independent vectors here Since (3.10) implies that N has the eigenvalue n on a vector
with weight (1, 3,..., 3, 1), it follows that the irrep (3, 4, ..., }, 1) corresponds to (3.9)
if n is even and to (3.11) if n is odd. The vectors (3.9) and (3.11) together span the
whole 2"-dimensional space, carrying the fundamental spinor irrep of so(2n+1).

IT1.5. The equivalence of the realisations described in I11.3 and II1.4 is established by
setting (for n>1)

a' =3l +tio)p .. v, a,=5(a,=iou)p\ 1y .. v,
= %(03P1+ipz)71 s M VG a,= %(UBpl —ip2) Ty . gV @)
=3(psm +iT) . v 02 ay=3(py7—im) ... v 0,
a" ' =H v tivy)e, a1 =3 sy, —ivy) o,
and
a" ={viw,—iw,) a, = 3(vsw.+iw;). (3.12)

(For n=1, we simply set a' =4(0,—i0)), a, =1(o,+ic,).)
Note that

alal=%(1+0'3),‘1202:%([“'03173),---,anan=%([+”3w3) ( )
3.13
=io3+ o3pat pamat. . .+ viwy) +inl

II1.6. In these spinor representations as constructed, the Hermiticity relations (2.25)
and (2.26) hold. Since L., and M,, commute with N, while P,, and Q,, consist of
linear combinations of operators which shift the value of N up or down by two units,
as (3.7) and (2.20) show, we have

(6 Ls]=[{ M 1={{ P} ={{ Qs =0 (3.14)
where

{=exp(imN/2). (3.15)
Equivalently

(Z'=2 (3.16)

where Z is any of the so*(2n) basis operators L,;, M,, P, Q,,. On the vectors (3.9),
{ has eigenvalues =1, so {* =1 in the corresponding spinor irrep (3,3,...,4, (-7}
On the vectors (3. 11) ¢ has eigenvalues =i, so that 2= —1I in the spinor irrep (,_,

30,5, (=1)""')). Inany case, (3.16) shows that { is essentially a Hermitising operator
for these spinor irreps. Note from (3.13) that

{=e™* exp(imas/4) exp(imosps/4) ... explimyv;ws/4)

=[(1+D)]" (1 +io5) (1 +iosps) . .. (1 +ivs0;). (3.17)
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IV. Clifford algebras and generalised Dirac matrices

IV.1. We begin by recalling some results for Dirac matrices and Clifford algebras
[9-11] associated with the fundamental spinor representations of so(p, ), p>0, g=0,
p+q=2n_We start with the triangular array for the fundamental spinor irrep of
so(2n+1), and (for g >0) multiply by i all elements Ji;, J 2.+, With k or I (but not
both)e{2n, 2n—-1,...,2n+1-gq} and multiply by (—1) all elements J; with both k
and [ in that set. The operators in the array so defined provide a set of basis operators
115 Jianas of the fundamental spinor irrep of so(p+1, q). The elements of the last
column are generalised Dirac matrices yi (=2J% 2,+,) for so(p, g), satisfying
{vi» vi}=2gul iy, yil=Jk
(4.1)
I[YL s J;m] = gkl'y;n - gkm'y;

where (g,) =diag(1,1,..., 1, —1,..., =1) [ p(+1)s and g(-1)s].
The last of the relations (4.1) shows that the vy} form a 2n-vector operator with
respect to so(p, g). We also introduce

e'=y1yh. .. ¥he =), (e)=(-D""I=(-D)"""7L (42)

The operators J}, are basis operators for (the direct sum of) the two fundamental
spinor irreps of so(p, q), corresponding to the eigenvalues =1 of w;, and hence +(i)""?
of ¢'. The vy, are intertwining operators for these two irreps:

{vk,€'}=0. (4.3)

For example, to go from so(5) to so(3, 2) and then to so(2, 2), we replace the array
(3.2) by

oy —igy ioyps  —op: 2J, 20 204 v
ioy  iowpy  —02p _ 2J3; 2J% b (4.4)
—o3p;  —iosp; 23 v '
ip, Ya-

As a consequence of the first of (4.1), the y; generate the real Clifford algebra
€(p, q) with even part €7(p, q) generated by the operators iJ};, and, more specifically,
by the operators &, =iJ{,, k=2, 3,...,2n which satisfy

{&k, €1} = —28ul k1=2,3,...,2n (4.5)
Thus €7(p, g)=€(g,p—1).

IV.2. The algebras €(p, g) have been classified and their structure analysed [9-11].
As we have specified here that p+ g =2n is even, we know that €(p, q) is simple. Its
centre, generated by I, is isomorphic to R, the algebra of real numbers. Furthermore,
we have

M(2", R) p—g=0o0r2(mod.8)
M2" H) p—q=4or6(mod.8)

where (2", R) and #(2""',H) are the algebras of 2" x2" real, and 2""'x2""!
quaternionic matrices, respectively.

€(p, q)={ (4.6)
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7

The subalgebra €7 (p, q) has a non-trivial centre, generated by I and &'. (Since ¢
anticommutes with each vy, it commutes with any product of an even number of the
vk, and so with all even elements of €(p, g).) If p—q=2 (mod. 4), then (p—gq)/2 is
odd and (4.2) shows that (¢')*=~—1. Then €"(p, q) is simple, with centre isomorphic
to C, the algebra of complex numbers; we have in fact

€ (p,q)=%(gp-1)=ut(2""",C) p—gq=2(mod.4). (4.7)
If p—g=0 (mod. 4), then (p—gq)/2 is even, (¢')’=+1I, and the centre of €™ (p, q) is
isomorphic to R®R. Then €7 (p, q) is not simple, but splits into a (direct) sum of
two ideals: :

€ (pq)=€"(p,)(I-e)D€ (p,q)3(I+¢"). (4.8)
Each ideal is isomorphic to #(2""',R) if p—g=0 (mod. 8), and to #(2""* H) if
p—g9=4 (mod. 8), i.e.
M2 RY@M(2" T R) p—q=0(mod.8)
M2" H)YD M2 H) p—q=4(mod. 8).
The two ideals in each case are associated with the eigenvalues £1 of ¢’ and hence
with the two fundamental spinor irreps of so(p, q).

€ (p, q)=<€(q,p—1)={ (4.9)

IV.3. Since these irreps are of dimension 2", it follows from (4.7) and (4.9) that they
are real representations if and only if p =g (mod. 8). On the other hand, it is easily
seen from a consideration of weights that each of these irreps is (at least) pseudo-real
if (p+4q)/2 (=n) and q are both even or both odd. If one is even and the other odd,
then the two spinor irreps are complex conjugate to each other.

IV.4. Contragradience relations [21] amongst irreps are the same for all real forms of
D,. In particular, the two fundamental spinor irreps are contragradient to each other
if n is odd, and self-contragradient if n=2m is even. (In this latter case they are
orthogonal or symplectic according as m is even or odd.)

IV.5. We now turn to the case of so*(2n) beginning again with the 2"-dimensional
space carrying the direct sum of the two fundamental spinor irreps, and with the
associated array of basis operators J,; of so(2n), expressed as before in terms of either
n sets of Pauli matrices or n pairs of Fermi operators. Dirac matrices y,, a=1,
2,...,2n must now be required to transform as a 2n-vector operator with respect to
so*(2n). Thus if L., M,,... are the so*(2n) basis operators in the 2"-dimensional
space, we must have

[‘Ya, Lrs]=(lr:)ab'Yb [‘YGa er]=(mrs)ab‘yb etc (410)

where I etc. are basis operators in (a representation equivalent to) the defining
(2n-vector) representation, with matrix elements (/,,),, etc. Here r, s=1, 2, ..., n and
a, b=1,2,...,2n, and the repeated indices in (4.10) are summed over. (We use a,
b, ... rather than k, /... here, as the former are not necessarily tensor indices with
respect to so(2n) operators Jy,;, as we shall see.)

It follows from (4.10) that

[{‘Yzz, Yb}, Lrs]=(lrs)ac{7c’ ‘yb}+(lr.r)bc{yas 7('} etc. (4'11)
If we are to have

{Ya, vo}=260p1 (4.12)
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for some real, non-singular, symmetric 2n x 2n matrix 6 with elements 6,,, then (4.11)
implies
16+0IL=0 etc. (4.13)

With [, etc as in (2.16), this is satisfied only with 6 as in (2.8), (2.10a), up to an
arbitrary multiplicative constant that can be set to unity by scaling the v,’s.

Can we find ¥, satisfying (4.10) and (4.12)? The answer is yes: it is not hard to
check that, in terms of the Fermi operators (3.6), we can set

v, =(1—1)a, Yoy =(1+1)a’ r=1,2,...,n (4.14)

Their expression in terms of Pauli matrices is then determined by (3.12). It is easy to
see that they are intertwining operators for the two fundamental spinor irreps of
s0*(2n); they anticommute with the last of the Pauli matrices w;, which labels these
irreps (see also (4.16) and (4.17) below).

Because 6 can be brought to the diagonal form v as in (2.8), by a real orthogonal
transformation, it follows that the real Clifford algebra generated by the v, is isomorphic
to €(n, n)= (2", R). However, the Lie algebra spanned by the commutators [ v,, ¥s]
is evidently isomorphic to so(n, n), not so*(2n); the latter is not included in €(n, n)
in the way that so(p, q) is included in €(p, q), as a subset of (even) elements that are
quadratic in the Dirac matrices.

Since the I, m,,, etc. in (4.10) need only be equivalent to our operators in (2.16),
we can more generally choose them to have the form I, = S/,S™! etc., with I, etc as
in (2.16) and S any complex non-singular 2n x 2n constant matrix. Then 6 in (4.12)
is replaced by 6'=S8S". Since S can be complex, it is possible to make 8'=I,,, so
that {y,, v} = 268,,I; indeed, it is possible to choose S so that the y, can be identified
with the yj of (4.1) (with ¢g=0) for a=k=1, 2,...,2n. The real Clifford algebra
generated by the vy, is then €(2n,0) and, according to (4.6),

M(2", R) n=0or1(mod4)

M(2" H) n=2or3 (mod4). (4.15)

€(2n,0) = {
Again the v, intertwine the two fundamental spinor irreps of so*(2n). However the
[¥a, ¥»] now span so(2n) rather than so*(2n).

The source of these peculiarities lies, on the one hand, in the fact that the defining
representation of so*(2n) is not real, so there is no natural choice for the signature of
the matrix 8 in (4.12), and on the other, in the fact that, once a real 6 has been chosen,
the operators v, and [v,, y,] together span a real Lie algebra which is some real form
of (the complexification of) so(2n+1), as a consequence of (4.12). In general, none
of these real forms contains so*(2n) as a subalgebra spanned by the [v,, ¥,]. (Roughly
speaking, there is no ‘so*(2n+1)".)

IV.6. The reader might conclude at this point that there is no real Clifford algebra
unambiguously associated with either of the two fundamental spinor irreps of so*(2n),
or with their direct sum. However, this is not the case. For the direct sum, we consider
the real algebra €%, generated under multiplication and real linear combination by
the so*(2n) operators iL,, iM,, etc. This is the analogue of the even part €”(p, q) of
the Clifford algebra €7 ( p, ) pertaining to the case of so( p, ), but obviously is defined
independently of any choice of Dirac matrices.

It is not immediately clear whether or not 6%, can be regarded as a Clifford algebra.
For example, consideration of the triangular array (3.3) for n =3 shows that we are
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then considering the algebra generated by ios, io3ps, ip373, 10— 0203), (021 02p3)
etc, and these do not suggest any obvious set of generators satisfying elementary
anticommutation relations.

For general n, we begin by identifying the central element ¢ of %%, as

e=(iM,)(iMy) ... (iM,,). (4.16)
We see from (2.23) and (3.3) that, in terms of Pauli matrices,
&= (i)"w; e’=(-1)"1 (4.17)

where w, form the last set of Pauli matrices used to construct the triangular array for
so(2n) (and so(2n+1)); thus ¢ is the same operator &' as constructed in IV.1 (with
qg=0).
IV.7. Suppose now that n is odd, so that = —1. Then set

§r-1=i(Llr_erE) r=2,3,"',n

§n+r—]=i(M1r_Plr£) r=1’2y"'an

and note that each is an element of €%,. In terms of w; and the so(2n) operators Jy,
we have

(4.18)

L =2(=1)"YJ o3I + @)+ J; 2,31 - w)} r#1 419)
Gnwro1 = 20(=1)""HJ 53T+ @) = T 5,031 — w)}
forr=1,2,..., n where
w=(-1)"""y, wi=1 (4.20)
and, since w; commutes with J;, and J,,, we see from (4.19) that
{Lp, Lo} = =280 P,Q=12...,2n—-1. (4.21)

These {p therefore generate a real Clifford algebra [24, 10, 11] €(0, 2n—1)=
M(2"7", C), (since n is odd), which is a subalgebra of ¥%,, by construction. The
dimension of this real subalgebra is 2" 7' x 2"7! x 2; but this is an upper bound on the
dimension of %%, itself, given that the L,, etc are associated with the direct sum of
two 2°"~'-dimensional irreps. It follows that the &, generate the whole of €%, and that

€, =€(0,2n—-1)=4(2""",C) n odd. (4.22)

As remarked in V.2, this algebra is simple, with centre isomorphic to C; the centre is
spanned by I and e. Consistent with (4.22) is the fact that, when n is odd, neither of
the fundamental spinor irreps of s0*(2n) is real; a consideration of their weights,
which are the same as those of the corresponding irreps of so(2n), shows that they
transform into each other under complex conjugation.
IV.8. Suppose now that n =2m is even. In this case, from (4.17),

e=(—1)"w, el=1
Then %3, is not simple, but splits into a (direct) sum of two ideals,

€%, =65V DEE ! €T =€t I xe). (4.23)
We note also from (3.17) that

n=(-1)"=U+iM)I+iM,y)...(I+iM,,)/2" (4.24)
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is in €%,. The two ideals in (4.23) are associated with the eigenvalues =(—1)" of w,,
and hence with the irreps (3, 1,...,3, =(=1)"1) of so*(2n). In €%"’, w, can be
replaced by (—1)"I, and according to the results of I111.6, {*=(—1)" on the correspond-

ing subspace. It follows that n°=1 on €% ™, furthermore, according to (3.14),

[n, L 1=[n, M )={n, P} ={n, Qs}=0. (4.25)
In €%, we now set
-1 =My, —nP,,) @n—2+r =1(Ly, — Q1) (4.26)
for r=2,3,...,n It can then be checked that these satisfy
{@a, e} =—2845 A/ B=1,2,...,2n-2, (4.27)

For example
{@1, @niat =—{M2, Lig} +{Pry, Quad + n{M,2, Quat + n{Py2, L s}
(using the properties of 1)
=—{J1a=Jos, Jir+ Jog} —{J1s+ Tz, J17— Jag}
+in{Jia=Jos, Jio— Dot Hin{Jis+ Jos, J17+ Jog} (4.28)

which vanishes because {J,4, J;5} and {Js3, Jos} vanish.
The (pA generate a real Clifford algebra €(0, 2n —2), which has dimension [10, 11]

2""'x2""', Since this is an upper bound for the dimension of ¢%."’, we have

M(2" 2 H) m odd

M(2"7' R) m even.

, where w; can be replaced by (~1)""'I, we have n°=—1

‘6*(+>~<€(0,2n—2)z{ (4.29)

Turning now to €%\~

We introduce

E=(iM)n (4.30)
which is in €%, and satisfies & =1 in $%{™’. Then
{& Li,}={& M, } =& P 1=[¢ Q1 ]1=0 (4.31)
provided r#1. In €%, we set
Y,y =1Q,, +i€L,, Un_ze, =1P, +iEM,, (4.32)
for r=2,3,..., n, and find that these satisfy
{a, Ys}=2845 A,B=1,2,...,2n-2. (4.33)
Then we deduce that
n—1
€5 =6(2n-2,0)= {ﬁg_z E)) : :f:n' (4.34)
Combining the results (4.29) and (4.34), we see that (cf (4.9))
5 =%(0,2n-2)®€(2n—-2,0)=HM (2", R)D M (2", H) n even. (4.35)

This algebra has centre isomorphic to R®R, generated by I and e. The subalgebra
M27! R) is assomated with the value 1 of w; and (—1)™ of ¢, and hence with the
irrep (2, 1,...,4,1) of so*(2n), which is therefore real. The subalgebra #(2"7% H) is
associated with the values —1 and (—1)""' of w; and ¢, and with the irrep (4,1,...,1,
~13), which is therefore complex (though pseudo-real). Thus there is a remarkable

asymmetry between the two fundamental spinor irreps of so*(4n).
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V. The isomorphism between so*(6) and su(3, 1)

V.1. Given basis elements I, m,, p,, and gq,, of s0*(6), as in (2.16), with r, s =1, 2,
3, we set

A=l Ava=—As =3,
Mrs=mr5_%5rsmuu M44=_%muu (5.1)
My, =M, =}e Py
Then we find that, for u, v, p, o=1, 2, 3, 4,
[(Myvs Moo= 1(8up Ao = 8upAow = Buo Ao T 8o Ay
[Avs Xoo ) =1(=80p XKoo+ 8o XKoo + 8uoXpw = 810X,

where X, represents either of M,,, A,,, and where (g,,)=diag(1, 1, 1, —1). Fur-
thermore

(5.2)

g"'M,, =0 (5.3)
where g"” =g,,. These are the defining relations of su(3,1), in a standard form (cf
(2.17)), and since the linear transformation (5.1) from the basis elements of so*(6) to

those of su(3, 1) is real and invertible, this establishes the isomorphism of the two real
Lie algebras.

V.2. A finite-dimensional irrep of su(3, 1) is labelled [25] by a highest weight defined
with respect to the Cartan subalgebra (M, +iM,,+iMyy, My, +iMa+3iM,,, M+
iM, +1M,,); we find that the irrep (m,, m,, m;) of so*(6) is mapped by (5.1) into
the irrep (m;+ m,, m;—m;, my—m,) of su(3, 1).

In section VII, we have taken the basis elements of the su(3)@u(1) subalgebra of
su(3,1) to be A, (=1,), M, —16.M,, (=m,—18m,,), and M, (=-1iM,,); the
scaling of the u(1) element is of course at our disposal, and we have chosen it so that
the su(3) triplet contained in the four-dimensional irrep (1, 0, 0) of su(3, 1) has u(1)
value (baryon number) 1/3.

VI. The isomorphism between so*(8) and so(6, 2)

VI.1. The existence of this isomorphism [26] is closely related to the triality property
[4, 9, 10] of so(8). If we set

kiz=3(myy — myy+ myy = mys) = 3(j12 = jsat jso = Jrs)

ks =3(myy = myy = mys+ myg) =301 —jsa = jse +ire) (6.1a)
ks =3(my+ myy— mys— may) =3+ jaa = jss = jzs)

kqs = %(mn + Myt Myt my,) = %(jlz + j3a T jset js)

kia= = 3(hat L) = Y(jis +jze +isr + jes)
kia=3(myy— msg) =1(jos —jra—Jer +jss)
kis=—3(ms+my) = =3(j27 = j1s+ jas = jae)
kio= = (hat bos) = (js +as+ s+ jae)

kys = %(m12 +my,) = %(jzs ~j1atjer = jss)
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koy= %(112 —hLy)=- %(113 T jaa—Js7 _jss)

(6.1b)
kas = %(123 —ha)= %(_fn + Ja8 —J3s ~ Jae)
Kae = 3(mys— M) = 3(j27 = j1s — Jas * jze)
kys=3(mas—my3) = 3(jas = jrs — jar t Jas)
ki = %(124_ lhs)= _%(j15+j26 — 37— Jag)
kis= _%(113+ ha) = _%(j15+j26 +JartJas)
kas = 3(mys+ may) = = 3(jas = j1e T jar — Jas)
ky7 = 5(p1a = paa) = 3i(Jas  j16 = Jaz — j3s)
kis = 3(qg13— g24) = 31(J1s = Jae —j37 + Jas)
kyr=—3(qi3t g2s) = — 3i(J15 — j2e F 37— Jas)
kys = 3( P13+ paa) = Hjas + j1s T jar + Jas)
ky, = =3 pastpis) = 31(jas T jz6 T j2rH 1)
(6.1¢)

kss=—13(gas+ qra) = 3(Jjss — jas + j17 — Jos)
ks7=3(q14= g23) = = 3i(J17 — jas = Jas + Jae)
Kas =3(P23 = P1a) = 1i(j2r + j1s = jus ~ Jze)

ks7=13(q12— 3a) = = 5(j13 = j2a = Js7F Jos)
ks =3(P3s= P12) = 5i(jo3 +j1a = jor — Jss)

ker=3( P12t psa) = —3i(jaz +jra+ jor + jss)
kos =3(qia+ gsa) = =313 — Jaa+js7— Jos)

we find that the kep (= —kpe), C, D=1, 2,...,8, satisfy the defining relations of
50(6, 2):

{kcp, ker]=1(gcekpr + gorkce — 8peker — 8crkoE) (6.2)

where (gc-p) =diag(1, 1, 1, 1, 1, 1, —1, —1). Since the linear relations (6.1) between
the kcp and the [, m, etc. are real and invertible, this establishes the isomorphism
in a direct if not very illuminating way. It can be given a deeper interpretation by
considering the algebras involved as algebras over the quaternions [20]. Note that the
kep for C, D=1, 2,...,6 and k,; involve only the I, and m,,, and vice versa. These
are associated with so(6)@so(2) <so(6, 2) on the one hand, and u(4) <so*(8) on the
other. (Recall that so(6)=su(4).)

VI.2. Note that this mapping between so*(8) and so(6, 2) can transform a spinor (or
tensor) representation of the one into a spinor or tensor representation of the other.
We need only observe that when the eigenvalues of J,,, Ji,;, Js¢, and Jyg are all
half-integral, those of K,,, K4, K56 and K; defined by analogy to (6.1a) can be either
all integral or all half-integral, and the same is true if the eigenvalues of the former
set are all integral.

Evidently an irrep of s0*(8) is mapped into an irrep of so(6, 2) and vice versa. The
question arises: given the finite-dimensional irrep (m,, m,, m;, m,) of s0*(8), into
what irrep of so(6, 2) is it mapped?
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To answer this, we note that when (J,,, Ju4, Js6, Jo5) have the eigenvalues (m,, m,,
ms, m,) in this irrep, the corresponding eigenvector corresponds to a highest weight
and so must be annihilated by the raising operators J,3+iJss, Jis+iJag, ... Jis+idys,
Jrygtidse, ... Jso+idgs, JsgtiJeg. But then it follows from (6.1) that this vector is
annihilated also by the operators K, —iKge, K7s—i1Kss,...; Ksi+iKg,, Ks3+
iKgs,...; Ki3+iKs;, K4 TiKs,; so that it also corresponds to a highest weight in
s0(6, 2) with respect to the Cartan subalgebra (K,5, K56, K>, K34). The corresponding
weight vector in so(6, 2) is seen from (6.1a) to be (m, m;, m}, m}), where

m; =%(m1+m2+m3+ m4)

1
my=3(m;+my—my—my,)
(6.3)
mi=5(m, — my+ my—m,)

mi=3(m;—my~my+m,).

Thus the mapping (6.1) carries the irrep (m,, m,, my, m,) of so*(8) into the irrep
(m}, m5, my, m}) of so(6,2). (Note that it therefore carries also the irrep (m}, mj,
m}, m}) of so*(8) into the irrep (m,, m,, m;, m,) of so(6,2).)

For example, the spinor irrep (3, §, §, —3) of so*(8) is mapped into the tensor irrep
(1, 1, 1, 0) of so(6, 2), while the spinor irrep (3, 3, 1, —1) is mapped into the spinor

irrep (3, 3,3, 3.
VL.3. There is a check by dimensions [7]:
d(m,, my, my, my)=d(mj, my, my, mj)
=(my—my+ 1) (m+my+5)(m —my+2)(m,+m;+4)
x{(my—my+3)(m+my+3)(my—m;+1)(my+m;y+3)
X(my—my+2)(my+my+2)(my—my+1)

X (my+m,+1)/5!3131, (6.4)

V1.4, Of particular interest are the defining 8-vector irrep (1, 0, 0, 0); the two 8-spinor
irreps (3, 3, 3, %), (3, 3, 3, —1); and the 28-dimensional adjoint irrep (1, 1, 0, 0) of
s0*(8). These are mapped into the so(6, 2) irreps (3, 3, %, %), (1,0,0,0), (3, 4, 5, -1
and (1, 1, 0, 0), respectively.

The interchange of the 8-dimensional vector and spinor irreps (1, 0, 0, 0) and (4,
3,3, %) can be regarded as a relic of the triality property of so(8), whereby isomorphisms
exist which interchange any two of the three 8-dimensional irreps of that algebra,
leaving the third invariant [9, 10, 4]. This can be seen as follows.

If we replace k5, kis, ..., keg in (6.1¢) by ik,;, ik etc, and k5 in (6.1a) by —kos,
the operators so defined, together with the old kqp for C, D=1, 2,...,6, satisfy the
defining relations of so(8) rather than so(6, 2), i.e. relations like (6.2) with gp replaced
by 8cp. Furthermore, they are then related to the so(8) operators jop by a real,
invertible linear transformation. Then we have an isomorphism from so(8) into so(8)
that interchanges one of the 8-spinor irreps with the 8-vector irrep, leaving the other
8-spinor irrep invariant. However, we have also the alternative possibility of replacing
in(6.1c) ky5, kys, ka7, ... by —ik,5, +ikjg, —ik,s, ... and leaving k;5in (6.1a) unchanged.
Then we again have an isomorphism from so(8) into so(8), this time interchanging
the second 8-spinor irrep with the 8-vector irrep, and leaving the first invariant. These
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two isomorphisms—together with the isomorphism (whose analogue exists for so(2n),
any n) that replaces jcg by —jcg, C =1, 2,...,7 and so interchanges the two 8-spinor
irreps, leaving the 8-vector invariant—define the triality property of so(8).

A necessary condition for the triality is that the three 8-dimensional irreps have
similar reality properties; in fact, for so(8) all three are real. As we have seen in IV.8,
the 8-spinor irrep (1, 1, 1, 1) of so*(8) is real, while (, 1, 1, —1) is pseudo-real, as is
the 8-vector defining irrep (1, 0, 0, 0). For so(6,2), both of the 8-spinor irreps are
pseudo-real, as we saw in IV.3, while the defining representation is real. Of the triality
isomorphisms, only one mapping survives when we go from so(8) to its complexification
and thence to the real forms so*(8) and so(6, 2)—the mapping (6.1), which maps the
real 8-spinor irrep, the pseudo-real 8-spinor irrep, and the pseudo-real 8-vector irrep
of s0*(8) into the real 8-vector irrep and the two pseudo-real 8-spinor irreps, respec-
tively, of so(6, 2).

Is there a version of the triality property involving any other of the real forms
so(p, q), with p+g=8, p=4g? There are no isomorphisms between these algebras,
and only for so(4, 4) and so(8) do the defining irrep and the two fundamental spinor
irreps have the same reality properties, as can be seen from the results of IV. It seems
therefore that, apart from the so(8) case, and that involving so*(8) and so(6, 2), a form
of triality can hold only for [27] so(4, 4).

VII. Physical applications

VIL.1. Itis primarily the isomorphism of so*(8) with so(6, 2) that gives rise to interesting
possible applications of so*(2n) (n=4) as an extended spacetime symmetry algebra.
We have already indicated in section I, some of Ward’s ideas [19] concerning so*(14).
In this connection we consider only the reduction with respect to so(3,1)@su(3)®
su(2)@u(1) of the two fundamental spinor irreps, each of dimension 64; the defining
14-vector irrep; and the 91-dimensional adjoint irrep.

Firstly, with respect to the reduction s0*(14) > so*(8) ®so0*(6) we have (the branch-
ing rules are as for [6] s0(14) > s0(8) @ s0(6); we show the dimensions of irreps beneath
their labels)

s :t%) (%’%a 2)]6')[(2, 2 2, %)a (%a%’ _%)]

; .3
(64) (8) (4) (8) (4)
(1,0,0,0,0,0,0)=[(1,0,0,0), (0,0,0)]€[(0,0,0,0), (1,0, 0)] (7.1)
(14) (8) (1) (1) (6)
(1,1,0,0,0,0,0)=[(1,1,0,0),(0,0,0)]®[(1, 0,0, 0), (1,0,0)12[(0, 0,0, 0), (1, 1, 0)].
(91) (28) (1 (8) (6) (1) (15)

Next we map each so*(8) irrep into a corresponding irrep of so(6, 2) according to
(6.3), and reduce it with respect to so(3,2)®su(2) according to well known rules.
Also, we map each so*(6) irrep into a corresponding irrep of su(3, 1) according to
(5.1), and reduce with respect to su(3)@u(1). For example, when so*(8)@so*(6) -
so(6,2)®su(3, 1),

[G.2.2,9), G, 5, 91-1(1,0,0,0),(1,0,0)] (7.2)
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and then, with respect to so(6, 2) >so(3,2)Dsu(2)

(1,0,0,0)={(1,0), (0)]®[(0, 0)(1)] (7.3)
(8) (5) (1) (1) (3)

while for su(3, 1) >su(3)®u(l) we have

(1,0,0)=[(1,0), (5)1®[(0, 0), (-1)]. (7.4)
(4) 3y (1) (1 (1)

In this way we find that, with respect 10 s0*(14) > s0(3, 2) @su(3)@su(2)®u(1) we have
(3,3,3,3,3,3,2)=[(1,0),(1,0), (0), 3)1®[(1,0), (0,0), (0), (-1)]
(64) (5) 3 (1) (1) (5)y (1) (1) 1)

®[(0,0), (1,0), (1), (5]D[(0,0), (0,0), (1), (-1)]
1 @)y 3)Q) 1 @ @) M

B[4, 1, (1, 1), (D), (-DIS[E, D, (0,0), (B, (1)]
4) 3 @ 4) 1) (2)

(64 5) (3 (1) (1) (5) (1) (1) ()

®[(0,0), (1, 1), (1), (=3)1®[(0, 0), (0, 0), (1), (1]
3 63 O (1 1) @)@

®[(3,2),(1,0), (}), DIBI[G, 2), (0,0), (1), (-1)] (7.5)
4 3 @ 4 @O @ M
(1,0,0,0,0,0,0)=[(3,3), (0,0), (}), (IS0, 0), (1, 0), (0), (-3)]
(14) 4 @ @ 1 G @1 M
®[(0,0), (1, 1), (0), (9]
(1 3 @
(1,1,0,0,0,0,0)=[(1, 1), (0, 0), (0), (0)]D[(1, 0, (0, 0), (1), (0)]
(91) (10) (1) (1) (D) (5) 1) )@

®[(0,0), (0,0), (1), (0)]D[(0,0), (1, 1), (0), (-3)]
m @ am @ @ @ W
®[(0,0),(2,1),(0), (0)]®[(0,0), (0, 0), (0), (0)]
m @ Mo ® @ (1
®1(0,0),(1,0),(0), B)I®L(3,2), (1,0), G), (=]
M 3 Mo @ 3 @ (@1
®[(z, 9, (1, 1), (), G)].
@ G @@
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Here the irreps (1, 1), (1,0), (3,1) and (0,0) of so(3,2) are the 10-tensor (adjoint),
5-vector, 4-spinor and scalar, respectively. Their reduction with respect to so(3, 1) <
so(3, 2) is well known:

(1,1)=(1, H)®(1,0@(1, -1)
(1) (3) (4 (3)
(1,0)=(1,0)®(0,0)

5 @ 7.6)
LD=G99G, b

@ @ @

(0,0)=(0,0)

SONNGY

where (1, 0) is the 4-vector, (1, Y@ (3, —1) the Dirac spinor, and (1, 1)®(1, —1) is the
antisymmetric tensor (adjoint) representation.

VIL.2. We shall not pursue the interpretation of these branchings in a field theory
based on so*(14), merely noting that, as expected from our earlier remarks, both
fermions and bosons can be accommodated in a single irreducible so*(14) multiplet.
Instead, we make a few remarks about a different, but related idea. In earlier work
[28], the Clifford algebra %(2, 5) has been used in a unified description of four Dirac
particles, interpreted as the electron and its neutrino, the neutron and the proton.
Their allowed quantum states have been associated with projectors in the algebra rather
than eigenvectors of operators in a representation space. We now have the interesting
possibility to extend this idea by choosing, for example, the Clifford algebra associated
with one of the fundamental spinor irreps of so*(2n), n > 4. This gives rise to a bigger
structure, able to incorporate both fermions and bosons. For example, consider the
algebra €%, = 4(0,9) associated with the 16-dimensional spinor irreps (3,1,1,1, £1)
of s0*(10), and note that

s0*(10) > s0*(8)®s0*(2) =~s0(6, 2) P u(l) >s0(3, 2)Psu(2)Pu(1).

The corresponding reduction formulae are

(3,1,3,7, ) =[(1,0),(0), () 1®[(0, 0), (1), (£)1®[(3, ), (3), (F)]. (7.7)
(16) (5) (1) (1 (n ) (M (4) (2) (1)

We see that, associated with each so*(10) spinor is an so(3, 2) S-vector which is
an su(2) singlet; an su(2) triplet of 5-scalars; and an su(2) doublet of 4-spinors. It
may be possible to associate the Lorentz 4-vector in the 5-dimensional irrep of so(3, 2)
with the photon, and the two spinors with the electron and its neutrino; an interpretation
of the scalars is not obvious. In any event, it is remarkable that it is apparently possible
to describe configurations with spin 0 or 1, as well as spin i, within the framework of
one Clifford algebra €7, by extension of the ideas of [28]. We hope to follow up
these ideas elsewhere.

VIL3. Note that the occurrence of representations of so(3, 2)>so0(3, 1) in the reduc-
tions of so*(2n), n >4, suggests a natural role for wave equations based on so(3, 2),
including Dirac’s equation (that is to say, for Lubanski-Bhabha [29] equations). In
the case of s0*(10), however, this idea may be difficult to reconcile with the association
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of the 4-vector in (7.7) with the photon, since the irrep (1,0) of so(3,2) is usually
associated with spinless particles in the Lubanski-Bhabha framework.

VII.4. The occurrence of both spinor and tensor irreps of so(3, 1) in an irrep of s0*(10)
or s0*(14) (or more generally of so*(2n), n>4) reminds us of supersymmetry [30],
although here we are working with Lie algebras, not superalgebras. However, at least
in the case of the fundamental spinor irreps of so*(2n), which are associated with
Clifford algebras containing anticommuting elements, we may well speculate that an
alternative description of supermultiplets like those in (7.5) and (7.7), can be given in
terms of some associated Lie superalgebras.

VIL.S. The possibility of both spinor and tensor irreps of so(6, 2) (and hence so(3, 1))
arising can be linked to the fact that the so*(2n) algebra for n >4 contains operators
which transform as spinors with respect to so(6,2), and so can change so(6, 2) rep-
resentation labels by half-integral amounts. Their existence is readily understood in
terms of what we have said above. Consider for example the case of so*{10). Its
forty-five basis elements can be regarded as consisting of the twenty-eight basis elements
of s0*(8) together with two so*(8)-vector operators and an so*(8)-scalar. (The situation
is comparable to that for so(10)>so(8).) However, when we map so*(8) into so(6, 2)
as in (6.1), we have already seen that the 8-vector irrep of so*(8) is mapped into the
8-spinor irrep (1,1,1,5) of so(6,2). Thus the basis elements of s0*(10) can also be
regarded as consisting of the basis elements of so(6, 2) together with two so(6, 2)-spinor
operators and an so(6, 2)-scalar. Note that the two spinor operators both transform

as (4,3,1,3) and not as the pair of fundamental spinor irreps.

VIL.6. In this paper, we have concentrated on finite-dimensional irreps of so*(2n).
Since so(6, 2) contains the Lie algebras of the conformal group and the Poincaré group,
it would be interesting also to examine the reduction of infinite-dimensional unitary
irreps of SO*(2n), n>4, with respect to these subgroups—for example, the ladder
representations could be analysed in this way. Both integer and half-integer spin
unitary irreps of these subgroups can be expected to appear in the reduction of a single
unitary irrep of SO*(2n). In this connection one would like to find the analogue of
the formula (6.3) for unitary irreps of SO*(8) and SO(S, 2).

VIL.7. The groups SO(4), SO(3,1) and SO(2,2) are associated with 4-dimensional
spacetime manifolds of different metric signatures. Is SO*(4) associated with some
peculiar four-dimensional real spacetime? The answer is no; at least, not in the
analogous way, because the 4-vector representation of SO*(4) is only pseudo-real. For
the same reason, there is no direct analogue for SO*(4) of the inhomogeneous groups
associated with SO(p, ). A set of four operators comprising an SO*(4)-vector cannot
define, with the six generators of SO*(4), a 10-dimensional real Lie algebra. But other
representations of SO*(4) may be useful in higher-dimensional Kaluza-Klein-type
theories; and the study of homogeneous spaces associated with SO*(2n), n >4, and
of associated inhomogeneous groups, may be of interest to physics because of the
isomorphism of s0*(8) and so(6,2). Finally, we remark that [13] so*(16)(>s0*(14))
is a maximal subalgebra of a non-compact real form of the exceptional Lie algebra
Eg, of relevance to superstring theories [4].
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